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Abstract 

We establish elements of a new approch to ellipticity and parametrices 
within operator algebras on a manifold with higher singularities, only based 
on some general axiomatic requirements on parameter-dependent operators 
in suitable scales of spaces. The idea is to model an iterative process with 
new generations of parameter-dependent operator theories, together with 
new scales of spaces that satisfy analogous requirements as the original ones, 
now on a corresponding higher level. 

The "full" calculus is voluminous; so we content ourselves here with some 
typical aspects such as symbols in terms of order reducing families, classes 
of relevant examples, and operators near a corner point. 
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Introduction 



This paper is aimed at studying operators with certain degenerate operator- valued 
amphtude functions, motivated by the iterative calculus of pseudo-differential op- 
erators on manifolds with higher singularities. Here, in contrast to [37], [35]) we 
develop the aspect of symbols, based on "abstract" reductions of orders which 
makes the approch transparent from a new point of view. To illustrate the idea, 
let us first consider, for example, the Laplacian on a manifold with conical singular- 
ities (say, without boundary) . In this case the ellipticity does not only refer to the 
"standard" principal homogeneous symbol but also to the so-called conormal sym- 
bol. The latter one, contributed by the conical point, is operator-valued and singles 
out the weights in Sobolev spaces, where the operator has the Fredholm property. 
Another example of ellipticity with different principal symbolic components is the 
case of boundary value problems. The boundary (say, smooth), interpreted as an 
edge, contributes the operator-valued boundary (or edge) symbol which is respon- 
sible for the nature of boundary conditions (for instance, of Dirichlet or Neumann 
type in the case of the Laplacian). In general, if the configuration has polyhedral 
singularities of order /c, we have to expect a principal symbolic hierarchy of length 
fc -|- 1, with components contributed by the various strata. In order to characterise 
the solvability of elliptic equations, especially, the regularity of solutions in suit- 
able scales of spaces, it is adequate to embed the problem in a pseudo-differential 
calculus, and to construct a parametrix. For higher singularities this is a program 
of tremendous complexity. It is therefore advisable to organise general elements 
of the calculus by means of an axiomatic framework which contains the typical 
features, such as the cone- or edge-degenerate behaviour of symbols but ignores 
the (in general) huge tail of /c — 1 iterative steps to reach the singularity level k. 
The "concrete" (pseudo-differential) calculus of operators on manifolds with con- 
ical or edge singularities may be found in several papers and monographs, see, 
for instance, [H], [35], [3T], [5]. Operators on manifolds of singularity order 2 are 
studied in , [37] , [16] , [7] . Theories of that kind are also possible for boundary 
value problems with the transmission property at the (smooth part of the) bound- 
ary, see, for instance, [37], [H], [5]. This is useful in numerous applications, for 
instance, to models of elasticity or crack theory, see [T3], [S]. Elements of operator 
structures on manifolds with higher singularities are developed, for instance, in 
[36] . [1]. The nature of such theories depends very much on specific assumptions 
on the degeneracy of the involved symbols. There are worldwide different schools 
studying operators on singular manifolds, partly motivated by problems of geome- 
try, index theory, and topology, see, for instance, Melrose [T7], Melrose and Piazza 
dH], Nistor Nazaikinskij, Savin, Sternin [H], [50], [H], and many others. We 
do not study here operators of "multi-Fuchs" type, often associated with "corner 
manifolds" . Our operators are of a rather different behaviour with respect to the 
degeneracy of symbols. Nevertheless the various theories have intersections and 
common sources, see the paper of Kondratiev [T3] or papers and monographs of 
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other representatives of a corresponding Russian school, see, for instance, |26j . 
Let us briefly recall a few basic facts on operators on manifolds with conical sin- 
gularities or edges. 

Let M be a manifold with conical singularity v € M, i.e., M \ {v} is smooth, and 
M is close to v modelled on a cone X"^ (R+ X X)/{{0} X X) with base X, 
where X is a closed compact C°° manifold. We then have differential operators of 
order /i G N on Af \ {v}, locally near v in the splitting of variables (r, x) G x X 
of the form 

(0-1) 

with coefhcients G C°°(l+, Diff^"-''(X)) (here Diff'"(-) denotes the space of 
all differential operators of order ly on the manifold in parentheses, with smooth 
coefficients). Observe that when we consider a Riemannian metric on R-|_ x X := 
X^ of the form dr^ + r^gx, where gx is a Riemannian metric on X, then the 
associated Laplace-Beltrami operator is just of the form (|0.ip for /i = 2. For such 
operators we have the homogeneous principal symbol (J^{A) G C°°(T*(M\{i;})\0), 
and locally near v in the variables (r, x) with covariables (p, ^) the function 

which is smooth up to r = 0. If a symbol (or an operator function) contains r and 
p in the combination rp we speak of degeneracy of Fuchs type. 
It is interesting to ask the nature of an operator algebra that contains Fuchs type 
differential operators of the from (|0.ip on X^, together with the parametrices 
of elliptic elements. An analogous problem is meaningful on M . Answers may be 
found in 32J, including the tools of the resulting so-called cone algebra. As noted 
above the ellipticity close to the tip r = is connected with a second symbolic 
structure, namely, the conormal symbol 

a^{A){w) ^aj(0)w^' : H'{X) -> H'-t'iX) (0.2) 
j=o 

which is a family of operators, depending on w G T n+i .,. F^ := {w G C : Hew = 

/?}, n = dimX. Here H^{X) are the standard Sobolev spaces of smoothness s G R 

on X. Ellipticity of A with respect to a weight 7 G R means that (|0.2p is a family 

of isomorphisms for all w G Fnj^_ . 

2 ' 

The ellipticity on the infinite cone X"^ refers to a further principal symbolic struc- 
ture, to be observed when r — > 00. The behaviour in that respect is not symmetric 
under the substitution r ^ r^^. The present axiomatic approch will refer to "ab- 
stract" corners represented by r — > 0. The considerations are based on specific 
insight on families of reductions of orders in given scales of spaces (in the simplest 
case 7J*(X), s G R, when the corner is a conical sigularity). In order to motivate 
our general constructions we briefly recall the form of corner operators of second 
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generation. 

First, a differential operator on an open stretched wedge IR.+ x X xfl 9 {r,x,y), 
new open, is called edge-degenerate, if it has the form 

^ = ^"^ E '^^-{r,y)(-r^Y {rDyr, (0.3) 

aja e C°°(l+ X r2,Diff''"(J+l"l'(X)). Observe that ([031) can be written in the 
form A — r^^Op^ y{p) for an operator- valued symbol p of the form p(r, y, p, rf) = 
p{r,y,rp,rri) and p{r,y,p,fj) £ C7-(l+ x f!, L^i(X; Ri+/)), 

Op^ ,^(p)u(r,y) = e'^'-'''^P+'^y~y'^'ip{r,y,p,T^)u{r' ,y')dr'dy'dpdri. 

Here L^[(X; R';^) means the space of classical parameter-dependent pseudo-differen- 
tial operators on X of order /i, with parameter A G M', that is, locally on X the op- 
erators are given in terms of amplitude functions a(x, ^, A), where (^, A) is treated 
as an {n -I- Z)-dimensional covariable, and we have L^°°{X\ R') := 5(R', L^^{X)) 
with L^'^{X) being the (Frechet) space of smoothing operators on X. 
Let Diff^^^(M) for a manifold M with edge Y denote the space of all differential 
operators on M \ F of order p that are locally near Y in the splitting of variables 
(r, X, y) € R+ X X X SI of the form (|0.3p . If we replace in the definition the edge 
covariable rj by {rj, A) S M'"*"' {q = dim y ) we obtain parameter-dependent families 
of operators in DiffJ^ (M). Similarly as ()0.1|1 an operator of the form 




is called corner degenerate if aj e C°°(R+, Diff^^g''(M)), j = 0, 1, . . . , /i. The cor- 
ner conormal symbol (Jc{A){z) ~ 'l2j=o ^ji^)^'' ^ ^ ^ F dimM+i ^ for a corner weight 
^ G R, is just a parameter-dependent family in DiS'^^^{M) with parameter Imz on 
the indicated weight line. The program to study such operators close to the tip 
t ^ (see [1], [7]) is just a concrete realisation of the present theory. 

This paper is organised as follows. In Chapter[T]we introduce spaces of symbols 
based on families of reductions of orders in given scales of (analogues of Sobolev) 
spaces. 

Chapter is devoted to the specific effects of an axiomatic calculus near the tip of 
the corner. The corner axis is represented by a real axis R 9 r, and the operators 
take values in vector-valued analogues of Sobolev spaces in r. 

As indicated above, our results are designed as a step of a larger concept of 
abstract edge and corner theories, organised in an iterative manner. The full cal- 
culus employs the one for r ^ oo as a counterpart of our Mellin operators on R-|_ 
near r — 0. However, the continuation of the calculus in that sense needs more 
space than available in the present note. 
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1 Symbols associated with order reductions 

1.1 Scales and order reducing families 

Let G; denote the set of all families £ = {E^)seR of Hilbert spaces with continuous 
embeddings ^ E^, s' > s, so that E°° := HseR dense in every E^,s eM. 
and that there is a dual scale £* = (£'**)sgR with a non-degenerate sesquilinear 
pairing (., .)o : E° x E*° C, such that (., .)o : E°° x E*°° C, extends to a 
non-degenerate sesquilinear pairing 

E' X E*-' C 

for every s e K, where supy££;.-3\{o} ||jH^^^° ^ ^ and sup^g^a^^o} equiva- 
lent norms in the spaces E^ and E*~^ , respectively; moreover, li £ = (i?*)sgR, £ = 
{E^)seR are two scales in consideration and a e C^{£,£) :— H^gg ^*~^), 
for some G R, then 

sup ||a||s,s-;< < 00 

sG[s',s"] 

for every s' < s"; here ||.||s,s := IMl£(£;= Later on, in the case s = s = we 
often write ||.|| := ||.||o,o- 

Let us say that a scale £ G € is said to have the compact embedding property, if 
the embeddings E"^ ^ E'^ are compact when s' > s. 

Remark 1.1.1. Every a G C'^{£,£) has a formal adjoint a* G C'^{£*,£*), ob- 
tained by {au,v)o = {u,a*v)o for all u € E°°,v € E*°° . 

Remark 1.1.2. The space C^{£^£) is Frechet in a natural way for every G M. 

Definition 1.1.3. A system {b'^ {r])) ^^s. of operator functions b^{ri) G 
C°°{R'^,C^^ {£,£)) is called an order reducing family of the scale £, if 
bf^{rj) : E" — > E''~'^ is an isomorphism for every s, /j. £ R, r] & M', b^{r]) = id for 

every rj gW, and 

(i) D^b^'irj) G C°°(M«,£''-I'51(5,f)) for every (3 G N'; 

(ii) for every s G K, /? G N' we have 

max sup \\V-^'+\^\{ri){D^h^{'n)}b-\r{)\\ofl<oo 

se[s',5"] 

for all fc G N, and for all real s' < s". 

(iii) for every /j^v £R, v > n, we have 

sup mv)\\s,s-. < civ)'' 
se[s',s"] 
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for all ?7 S and s' < s" with constants c{^i.v,s),B{ii,v,s) > 0, uni- 
formly hounded in compact s-intervals and compact fj,, u-intervals for v > ji; 
moreover, for every /j. <0 we have 

for all ?7 S with constants c > 0, uniformly bounded in compact /j.- 
intervals, < 0. 

Clearly the operators 5^ in (iii) for v > fi or fi < 0, are composed with a 
corresponding embedding operator. 

In addition we require that the operator families {b^{r]))~^ are equivalent to b~^{r]), 
according to the following notation. Another order reducing family {b'^ (ij)) rj S 
M', in the scale £ is said to be equivalent to (6^(r7))^gR, if for every s G M, /3 G N', 
there are constants c = c(/?, s) such that 

||6r'^+l^l(,7){Z?^5nr?)}6r^(^)llo,o<c, 

\\b^-^+W{^){D^^b^,{v)}b-^{v)\\o.o<c, 
for all G M', uniformly in s S [s', s"] for every s' < s" . 

Remark 1.1.4. Parameter- dependent theories of operaiors are common in many 
concrete contexts. For instance, if is an {open) manifold, there is the 

space Z/J^j(n,]R') of parameter-dependent pseudo-differential operators on O of or- 
der /X G M, with parameter rj G , where the local amplitude functions a{x,(_,ri) 
are classical symbols in {S,,r]) G R"+'^, treated as covariables, n = dimfi, while 
L~°°{Q.,M?) is the space of Schwartz functions inr] &W with values in L~°°{Q), 
the space of smoothing operators on fJ. Later on we will also consider specific ex- 
amples with more control on the dependence on rj, namely, when Q. = M \ {v} for 
a manifold M with conical singularity v. 

Example 1.1.5. Let X be a closed compact C°° manifold, := H^{X),s G R, 

the scale of classical Sobolev spaces on X and b^{ri) G L[f[(X;IR^) a parameter- 
dependent elliptic family that induces isomorphisms b'^{r]) : H'^{X) — > H^~'^{X) 
for all s G M. Then for v> ji we have 

W{ri)UH'ix).H'-^(x))<c{r,)<'^^''^ 

for all T] G M'^, uniformly in s € [s',s"] for arbitrary s',s", as well as in compact 
fi- and y-intervals for f > i^, where 

7r(/x, ly) :— max(^, n — (1-1) 

with a constant c = c{ii,v,s' ,s") > 0. Observe that sup^gjjp ^^(^y ^ {ri)'^(^i^'^) for 
all T] G 
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Remark 1.1.6. Let h'^{f,fj) G M-^'') he an order reducing family as in the 

above example, now with the parameter {T^ff) £ M}^'' rather than rj, and of order 
s 6 R. Then, setting b^(t,T,r]) :— b^{tT,tri) the expression 

{ J \\[t]-^OMbn{v')u\\h(x)dt}' 

for r]^ G \ {0}, \ri^\ sufficiently large, is a norm on the space S{R, C°°{X)). Let 
iJ^Qjjg(M X X) denote the completion of S{R,C°°{X)) in this norm. Observe that 
this space is independent of the choice of rj^ , \rj^\ sufficiently large. For reference 
below we also form weighted variants -ff*^fj(,(]R x X) := (t)~^_ff^Qjj(,(M x X), 5 G M, 
and set 

H:i,UR+ X X) := H^if^^iR x X)\u^,,x. (1.2) 

As is known, cf. [12], the spaces -ff^^fj(,(R x X) are weighted Sobolev spaces in the 
calculus of pseudo- differential operators on K+ x X with \t\ — > c» being interpreted 
as a conical exit to infinity. 

Another feature of order reducing families, known, for instance, in the case 
of the above example, is that when U C is an open set and m{y) G C°°{U) 
a strictly positive function, m{y) > c for c > and for all y G C/, the family 
^1(2/1 v) •= b'^ {''n{y)v) J s G K, is order reducing in the sense of Definition 11.1.31 and 
equivalent to b{r]) for every y G U, uniformly in y G for any compact subset 
K G U . A natural requirement is that when m > is a parameter, there is a 
constant M = M{s', s") > such that 

||&"(r/)6-"(TOr/)||o,o < cmax(m, m"!)*^ (1.3) 

for every s G [s', s"], m G M+, and r/ G R"?. 

We now turn to another example of an order reducing family, motivated by the cal- 
culus of pseudo-differential operators on a manifold with edge (here in "abstract" 
form), where all the above requirements are satisfied, including the latter one. 

Definition 1.1.7. (i) // H is a Hilbert space and k := {ka}agR+ « group of 
isomorphisms k\ : H ^ H, such that A K\h defines a continuous function 
R+ H for every h G H, and K\Kp = K\p for A,/? G R, we call k a group 
action on H . 

(ii) Let TL — {H^)ses. £ 2 and assume that i?" is endowed with a group action 
K — {ka}agk+ ^^fl^ restricts {for s > 0) or extends {for s < 0) to a group 
action on H'^ for every s G R. In addition, we assume that k is a unitary 
group action on . We then say that Ti. is endowed with a group action. 



If H and k are as in Definition 11.1.71 (i) , it is known that there are constants 
c, M > 0, such that 

ll«A||£(ff) <cmax(A,A-i)^ (1.4) 
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for all A e M+. 

Let yV'*(]R', H) denote the completion of iS(M^, H) with respect to the norm 

ll"llw=(Ri,ff) { y ivy'W^lrlHvWHdv]^ 

u{rf) = J-y^riu{rj) is the Fourier transform in W^. The space yy^(R',i/) will be 
referred to as edge space on of smoothness s e M (modelled on H). Given a 
scale Ti = {H'')ses. G ^ with group action we have the edge spaces 

If necessary we also write yV"*(]R^, i?*)^- The spaces form again a scale W := 

For purposes below we now formulate a class of operator- valued symbols 

5''(t/xR^;iJ,iJ)«,s (1.5) 

for open U C MP and Hilbert spaces H and H, endowed with group actions k = 
{kaIasR+i — {'^aIagr+j respectively, as follows. The space (|1.5p is defined to be 
the set of ah a{y,r]) eC°°{U x m,CiH,H)) such that 

sup (,7)-^+l'^l||.i7Ui?^i^^a(2/,r/)}«(,)||£(^^) <oo (1.6) 
for every K U, a e NP , f3 e W. 

Remark 1.1.8. Analogous symbols can also be defined in the case when H is a 
Frechet ^pace with group action, i.e., H is written as a^ projective limit of Hilbert 
spaces Hj,j G N, with continuous embeddings Hj '—>■ Hq, where the group action 
on Hq restricts to group actions on Hj for every j. Then S'^iU x W^;H,H) := 
^in^^,,S'^{UxW;H,H,). 

Consider an operator function p{^, t]) £ C°°(R|^^'', C^{H, Ti)) that represents a 
symbol 

p(e,^) e5^(R|+'^;i/^i^^-'').,K 

for every s e R, such that p(^, 77) : H" iJ'*^^ is a family of isomorphisms for all 
s G R, and the inverses p^^{£,,ri) represent a symbol 

p"l(C,77)G5-''(R^+';i^^i^«+^)«,. 

for every s G R. Then b'^{r]) :— Op^{p){ri) is a family of isomorphisms 

b^ir]) : W ^ W'-", t] G R", 

with the inverses b^'^{ri) := Op^{p^^){r]). 
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Proposition 1.1.9. (i) We have 

\\b^mciwo^wo)<c{vr (1.7) 
for every fJ. < 0, with a constant c{fj,) > 0. 
(ii) For every s, ^^v ^ R, v > we have 

W{r,)\\ciW'^W'-.^ < d^yM+^m+Mis-^.) (^ 8) 

for all rj G M'^, with a constant c{fj,, s) > 0, and M{s) > defined by 
Mc{HsM^)<cX^'^'^ for all A >1. 

Proof, (i) Let us check the estimate ()1.7p . For the computations we denote by 
j : H~^^ ^ the embedding operator. We have for u € W'^ 



< 



<C sup (C,r;)2^||u||^o. 



Thus ||fo''(?7)||c(H'o,H'0) < csup^gKp(^,?7)'' < c(?7)'^, since /i < 0. 

(ii) Let j : H'^~^ ^ H^~'^ denote the canonical embedding. For every fixed 
s S R we have 

(0'*^-"^^ll'^^^;jp(e,^)'^(c)(0-^(0^'^(-^;(.^.^?«)(e)ll^.-.rfC 



^sup(0-'1l«^^;M^,?7)A^(e)|li(ff.,H=-.) I iO'^Wn^^T^^Mrnhd^ 



We have 



l«:(55(jP(C''7))Ka>ll 



< c||K(^5p(C,??)'«{C)ll£(//=,ff=-A') 
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with a constant c > 0. 

We employed here that jk^^) ||£(^s-m^//s-.') < c for all ^ e W. Moreover, 
we have 

^ \\^'{(]'^{^,r|)\\c{H--^-,H--^^)\\K'^l.^^P{^,r])K^^^^r,)\\c{H-M^-^')\\^^^^^ 

< c{£,, ?7)^||k(j^^)(^)-i ||£(^s-M,_H-=-f \\c{h\h-) 

As usual, c > denotes different constants (they may also depend on s); the 
numbers M(s), s G M, are determined by the estimates 

II«a||£(h=,h=) <cA*^^^) foraUA>l. 

We obtain altogether that 

□ 

It can be proved that the operators in Proposition 11.1.91 also have the uniformity 
properties with respect to s,^,i> in compact sets, imposed in Definition 11.1.31 

1.2 Symbols based on order reductions 

We now turn to operator valued symbols, referring to scales 

For purposes below we slightly generalise the concept of order reducing families 
by replacing the parameter space 3 77 by H 3 ry, where 

H := {77 = (77', Ti") e M'''+«" ■.q^q' + q" , v" 7^ 0}. (1.9) 

In other words for every ^ g M we fix order- reducing families 6^(77) and ^^(77) 
in the scales £ and £, respectively, where rj varies over H, and the properties of 
Definition 11.1.31 are required for all 77 G H. In many cases we may admit the case 
H = as well. 

Definition 1.2.1. By Sf'iU x H; f, £) for open {7 C RP, ^ g M, we denote the set 
of all a{y,ri) eC°°{U x M, £'"{£,£)) such that 

D'^D^a{y,r,) G C^{U x m,£'^-\^\ {£,£)), (1.10) 
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and for every s G K we have 

max sup \\b^-^+^^'Kv){D'^D0^a{y,r,)}b-%i^)\\o,o (1.11) 

sels'.s"] 

is finite for all K (£ U , k E N, h > 0. 

Let 5''^(H; £, £) denote the subspace of all elements of S'-''{U x H; £, £) that are 
independent of y. 

Observe that when {b'^{r]))^^^ is an order reducing family parametrised by 77 G H 
then we have 

&^(r/) G 5^(M; £•,£•) (1.12) 

for every ^ G M. 

Remark 1.2.2. The space 3^^(11 x IHI;£,£) is Frechet with the semi-norms 

max sup (77){i?^i^^a(y, ,7)}fe-^(r;) ||o.o (1.13) 

parametrised by K (s= U , s E Z. a G N'', [3 G N'', h > Q, which are the best 
constants in the estimates (jl.lip . We then have 

S^iU X m;£,£) = C°°{U,S''{m;£,£)) = C°°(C/)®^S'^(H; £). 

We will also employ other variants of such symbols, for instance, when C R™ 
is an open set, 

S'^(S+ xnxm;£,£) := C°°(S+ x f7, 5^(H; f , f )). 

In order to emphasise the similarity of our considerations for HI with the case 
H = K'^ we often write again R'' and later on tacitly use the corresponding results 
for H in general. 

Remark 1.2.3. Let a{y, rf) G S^{U y. M3) be a polynomial in rj of order /i and £ = 
{E'^ jseR ffl scale and identify DyD^a{y^ rf) with (PyD^a{y, 77)) t with the embedding 
l:E'-> Then we have 

||6^-^+l'^l(r;)(i?^i?>(y,ry))6-'^(,7)||o,o 

< |i?,"A>(y,^)ll|fe"^+'^'(^)llo,o <c(r;)^-l'3|^^^-^+|;3| 

for all l3 € N'J , \I3\ < fi, y e K (s U {see Definition [TX^ (iii)). Thus a{y,r]) is 
canonically identified with an element of S^{U x M.'^;£,£). 
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Proposition 1.2.4. We have 

S-'^iU X R«;£:,f) p| S^iU x M«;£:,f) = C°°{U,S{W,C-'^{£,£))). 

Proof. Let us show the assertion for y-indcpendent symbols; the y-dependent 
case is then straightforward. For notational convenience we set £ = £; the 
general case is analogous. First let 0(77) G S~°°{M.'^ ;£,£), which means that 
a{rj) G C°°im,C'°° and 

W+^{r,){D^,a{Tj)}b~%r,)\\o,o<c (1.14) 

for all s e R, TV e N, /3 e N« and show that 

sup ||(77)'*^i?,^a(77)|U.t <oo (1.15) 

for every s,t eR, M eN, P eW.To estimate (jl.lSp it is enough to assume t > 0. 
We have 

m''D^a{v)Ut = \\b-^\v)b'''{v){v)''D^,a{rj)b-%rj)b%rj)\U,t (1.16) 

for every fc G N, A; > 1, it is sufficient to show that the right hand side is uniformly 
bounded in 77 G K'' for sufficiently large choice of k. The right hand side of p.l6|) 
can be estimated by 

||6^*(r/)||o,dl&''"'''(^)llo,o||&'^*(r/)i?Xr/)6-^(77)||o,o||&^(^)IU,o. 
Using \\b''^{ri)D!i^a{ri)b^^ {ri)\\ofi < c, which is true by assumption and the estimates 

Wms,o<c{rj)^, \\b-\v)\kt<c{i^)^\ 

with different G K and l|6'^"'''*(77)||o,o < c(ry)(i"'=)* (see Definition [1X3] (in)) 

we obtain altogether 

||(^)^i5,M^)IU.<c(.7)^^+^+^'+(i-'=)* 

for some c > 0. Choosing k large enough it follows that the exponent on the right 
hand side is < 0, i.e., we obtain uniform boundedness in 77 G M^. 
To show the reverse direction suppose that 0(77) satisfies (|1.15l) . and let /3 G N'^, 
M, s, i G M be arbitrary. We have 

||6*(77Xa(r;)6-(,;)||o,„< 

ll&*('7)('7)-''ll*,ol|(ry)^'^I)^a(r;)l|,,,||(,7)-^'^6-^(r;)l|o... (1.17) 

Now using p.lSp and the estimates 

||&*(^)(^)~''lko < civ)""-'', m-''b-\,j)\\,^s < c(77)^'-^^ 
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with constants A, A' G M, we obtain 

\\b\r,)D^^a{rj)b-%rj)\\,,o<c{v)^+^'-'". 

Choosing Af large enough we get uniform boundedness of ()1.17p in rj which 
completes the proof. □ 

Proposition 1.2.5. Let a{y,r]) e S'''(J7 x M.'^;£, £) and /i < 0. Then we have 

My.v)\ko<c{r]r 
for all y E K <^ U,ii eW , with a constant c = c{s, K) > 0. 

Proof. For simplicity we consider the y-independent case. It is enough to show that 
\\o-{il)u\\^Q ^ c{r])'^\\u\\EO for aU u £ E°°. Let j : i?^^ E° denote the embedding 
operator. We then have 

\\air,)u\\^„^\\a{r^)b-^{r^)jb'^{r^)u\\^. 

<\\a{v)b-''{v)\\c^EO^EO)\\jb''ivMEO < c(?7)'' ||u|Uo. 

□ 

Proposition 1.2.6. A symbol a{y,ri) e S^^{U x R'^;f,f), G M, satisfies the 
estimates 

||a(y,^7)IU,.-. <c(r;)^ (1.18) 

for every ly > fi, for every y E K U,ri E , s E R, with constants c — c(s, /i, ly) > 
0, A — A{s, fi, v, K) > that are uniformly bounded when s, /i, ly vary over compact 
sets, V > ji. 

Proof. For simplicity we consider again the y-independent case. Let j : E^~'^ ^ 
E'*"'^ be the embedding operator. Then we have 

Hv)\\s.s-. - \\jb-^+'^ivW'^ivHv)b-'ivWmks^. 

< ||j6-^+^(r/)||o,.-.||&^-^WaWfo-^W||o,o||&^(^)IU,o. 

Applying prTT|) and Definition HTOl ( iii) we obtain (fTTHl) with A = B{-s + 
fj,, —s + v,0) B{s, s, 0), together with the uniform boimdedness of the involved 
constants. □ 
Also here it can be proved that the involved constants in Propositions ll.2.5l 11.2.61 
are uniform in compact sets with respect to s, /i, i^. 

Proposition 1.2.7. The symbol spaces have the following properties: 
(i) St'iU X Ri;£,i) C St^'iU X Ri;£,i) for every ^' > /Lt; 
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(ii) D^D^Sf'iU X R9;f,£) C x for every aeW,(3e N?; 

(iii) 5^(C/ X W;£o,£)S''{U x R«;£:,£:o) ^ 5'^+''(C/ x /or every eR 
{the notation on the left hand side of the latter relation means the space of 
all {y,ri)-wise compositions of elements in the respective factors). 

Proof. For simplicity we consider symbols with constant coefficients. Let us write 
II • II II • llo.o, etc. 

(i) 0(77) G S''{W;£,£) means ([TTU)) and H^TJl} : this implies 

W~^'+^^'^{v){DP,amb-%rj)\\= \\b^-^'{vW-''+^^\v){D^,a{rj)}b-%rj)\\ 
< c{r^r-^^'\\¥-'^+\PHv){D^n<v)}b-'{v)\\ < c\\¥-'^+\PHv){D^,a{rj)}b-%r,)\\. 
We employed ^ — n' <Q and the property (iv) in Definition 11.1.31 

(ii) The estimates (|1.10l) can be written as 

\\b^-it^-m){r^){D0^a{^)}b-^{ri)\\<c 
which just means that I?,^a(?7) e S^'-\'^\W ;£,£). 

(iii) Given 0(77) e 5^(R9; fo, •?), 0(77) G 5'^(M«; fo) we have (with obvious 
meaning of notation) 

ii&r'^+'"'(^){^,>('?)}&-^wii <c, w-^+\'Kv){Diambrm<c 

for all 7,(5 G N''. If a G is any multi-index, Df^{aa){rj) is a linear combination 
of compositions D^^a{ri)D'^^a{rf) with I7I + \5\ = \a\. It follows that 

< ||6*-M+IH-|7l(^)^^„(^)5-*(^)|| ||6--+l^l(^)i^75(^);,-.(^)|| (1.19) 

for t = s — V + the right hand side is bounded in 77, since \a\ — \^\ = \6\. □ 

Remark 1.2.8. Observe from p.l9p that the semi-norms of compositions of sym- 
bols can be estimated by products of semi-norms of the factors. 

1.3 An example from the parameter-dependent cone calcu- 
lus 

We now construct a specific family of reductions of orders between weighted spaces 
on a compact manifold M with conical singularity w, locally near v modelled on a 
cone 

:= (1+ X X)/({0} x X) 
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with a smooth compact manifold X as base. The parameter rj will play the role 
of covariables of the calculus of operators on a manifold with edge; that is why 
we talk about an example from the edge calculus. The associated "abstract" cone 
calculus according to what we did so far in the Sections 1 1 . II and [TT^ and then below 
in Chapter [2] will be a contribution to the calculus of corner operators of second 
generation. It will be convenient to pass to the stretched manifold M associated 
with M which is a compact C°° manifold with boundary i9M = X such that when 
we squeeze down dM to a single point v we just recover M. Close to dM the 
manifold M is equal to a cylinder [0,1) x X 3 {t,x), a collar neighbourhood of dM 
in M. A part of the considerations will be performed on the open stretched cone 
X^ := R+ X X 3 {t, x) where we identify (0, 1) x X with the interior of the collar 
neighbourhood (for convenience, without indicating any pull backs of functions or 
operators with respect to that identification). Let M := 2M be the double of M 
(obtained by gluing together two copies M± of M along the common boundary 
dM, where we identify M with M_|_); then M is a closed compact C°° manifold. 
On the space M we have a family of weighted Sobolev spaces H'''^{M),s,j £ R, 
that may be defined as 

H'^^{M) {gu +{l-<j)v:u£ H'''^{X^),v e H{^^{M \ {v})}, 

where a{t) is a cut-off function (i.e., a G C(5^(M+), a = 1 near t = 0), (7(t) = for 
t > 2/3. Here n''''^{X^) is defined to be the completion of CS°{X^) with respect 
to the norm 



b^^,ilmw){Mu){w)\\l.^x^dw} , (1.20) 



n ~ dimX, where ^bascl''') ^ ^^cii^'i^r) is a family of reductions of order on X, 
similarly as in Example [TO] (in particular, fe^^^Jr) : H^X) H°{X) = L'^{X) 
is a family of isomorphisms). Moreover, A4 is the Mellin transform, {A4u){'w) — 
/o t^~^u(t)dt, w £ C the complex Mellin covariable, and 

Tp := {w eC -.Rew = (3} 

for any real /3. From <^H"''^(X^) = n''''^+^{X^) for all s,7,(5 G R it follows the 
existence of a strictly positive function h*^ G C°°{M \ {v}), such that the operator 
of multiplication by h'' induces an isomorphism 

h* : H^'^^iM) W'^+^M) (1.21) 

for every s,^,5 G R. 

Moreover, again according to Examplc l 1.1.51 now for any smooth compact manifold 
M we have an order reducing family h(rf) in the scale of Sobolev spaces H^{M),s G 
R. More generally, we employ parameter-dependent families a{rj) G Ljfj(M;R'?). 
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The symbols 0(77) that we want to estabhsh in the scale H^'^{M) on our compact 
manifold M with conical singularity v will be essentially (i.e., modulo Schwartz 
functions in rj with values in globally smoothing operators on M) constructed in 
the form 

0(77) := craodgo(?7)o' + (1 - cr)aint(?7)(l - ct), (1-22) 

O'inti'n) '■— S.(?7)|intM, with cut-off functions a[t)^d{t),a[t) on the half axis, sup- 
ported in [0, 2/3), with the property 

a ^ a ^ a 

(here a < a means the a is equal to 1 in a neighbourhood of supp a). 

The "edge" part of (|1.22p will be defined in the variables (t, a;) £ X^. Let us 

choose a parameter-dependent elliptic family of operators of order on X 

Setting 

p(t,T,ri):=p{t,tT,tri) (1.23) 

we have what is known as an edge-degenerate family of operators on X. We now 
employ the following Mellin quantisation theorem. 

Definition 1.3.1. Let Mq{X\W^) defined as the set of all h{z,ri) E 
^(C,L|^i(X;R9)) such that h{l3 + iT,ri) e L'^^{X;Rl+i) for every P eU, uniformly 
in compact f3-intervals [here ^(C, E) with any Frechet space E denotes the space 
of all E-valued holomorphic functions in C, in the Frechet topology of uniform 
convergence on compact sets). 

Observe that also M^{X;M.'^) is a Frechet space in a natural way. Given an 
f{t,t\z,ri) e C°°(R+ X R+,L'^^{X;Ti^^ x M«)) we set 

oplifMuir) -.^ / { )-(^-y+^-)f{t,t',--j + tT,rj)u{t')—dT 

which is regarded as a (parameter-dependent) weighted pseudo-differential opera- 
tor with symbol /, referring to the weight 7 G M. There exists an element 

h{t,z,fi) e C°°(S+,M^(X;M?)) (1.24) 

such that, when we set 

h{t,z,r]) :=h{t,z,tr]) (1.25) 

we have 

opimv) = Op,ip){v) (1.26) 
mod L^°°{X^:M.'^-i), for every weight 7 G M. Observe that when we set 

Poit, T, 77) := p(0, tT, tT]), h(i{t, z, 77) := /i(0, z, try) 
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we also have oplj{ho){r]) = Opt{po){v) mod L-^{X^;R+), for all 7 e M. 
Let us now choose cut-ofF functions u!{t),i~Li{t),uj{t) such that uj ^ uj ^ lj. 
Fix the notation := LLi{t[ri]), and form the operator function 

+ - c^„(t))Op,(p)(77)(l - '^rjit)) + m(r7) + g{r^). (1.27) 

Here m(?7) and f;(ry) are smoothing Mellin and Green symbols of the edge calculus. 
The definition of 771(77) is based on smoothing Mellin symbols f{z) € M~°°{X; F^). 
Here M^°^{X;rp) is the subspace of all /(z) e L^°°{X;Tp) such that for some 
£ > (depending on /) the function / extends to an 

l{z)eA{Up.„L~°-{X)) 

where Up^e := {2 G C : |Rez — /3| < e} and 

l{S + ir) e L^°"{X;Rr) 

for every (5 G (/3 — e,/3 + e), uniformly in compact subintcrvals. By definition we 
then have /(/? + ir) = + "it); for brevity we often denote the holomorphic 
extension I of / again by /. For / e M~°°{X; Fn+i_^) we set 

mir)) i"^w^opX7~(/)'^r, 
for any cut-off functions w, uj. 

In order to explain the structure of g{ri) in (|1.27p we first introduce weighted spaces 
on the infinite stretched cone X^ = M.^ x X, namely, 

IC'^'^X'') := ujW^^iX'') + (1 - Lu)H^il^{X'') (1.28) 

for any 5,7,3 S M, and a cut-off function w, see ()1.20p which defines H*'^(X^) 
and the formula Moreover, we set /C'''T(X^) := A:^'T'°(X^). The operator 

families g{r]) are so-called Green symbols in the covariable 77 G R', defined by 

3(77) G 5,^i(R^;/C^'^^^(X^),5^-^+-(X^)), (1.29) 

5*(r/) G S',^i(M«;/C*'~^+^'S(X^),5-^+"(X^)), (1.30) 

for all s, 7, 5 G M, where g* denotes the 77— wise formal adjoint with respect to the 
scalar product of KP^°'^°[X^) = r-?L2(M+ x X) and e = e{g)>Q. Here 

5^(X^) ijolC^'^^X") + (1 - tj)5(l+, C°°(X)) 

for any cut-off function uj. The notion of operator- valued symbols in (|1.29p . (|1.30p 
refers to (II. 5p in its generalisation to Frechet spaces H (rather than Hilbert spaces) 
with group actions (see Remark I l.l.Sp that is in the present case given by 

KA : u{t, x) AT^+9it(At, x), A G M+ (1.31) 
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n = dimX, both in the spaces IC'''^'3{X^) and 

The following Theorem 11.3.21 is crucial for proving that our new order reduction 
family is well defined. Therefore we will sketch the main steps of the proof, which 
is based on the edge calculus. Various aspects of the proof can be found in the 
literature, for example in Kapanaze and Schulze [Hi Proposition 3.3.79], Schrohe 
and Schulze [30], Harutyunyan and Schulze [H]- Among the tools we have the 
pseudo-differential operators on interpreted as a manifold with conical exit to 
infinity r — > oo; the general background may be found in Schulze [35j . The calculus 
of such exit operators goes back to Parenti [24], Cordes ^3J, Shubin [JT], and others. 

Theorem 1.3.2. We have 

craedgc(r?)a £ S''^(M«; /C"^^'9(X^), /C"-^''^-^'^'(X'')) (1.32) 

for every 5,17 £ M, more precisely, 

D^{aa^dgciv)^} e S'''-l'3|(M«;/C''^'^'9(X^),/C''-^+l'3|'''-^'^'(X'')) (1.33) 

for all s, 5 e R and all /3 G N'. (The spaces of symbols in (jl.32p . p.33p refer to 
the group action p.3ip ). 

Proof. To prove the assertions it is enough to consider the case without m(ri)+g(ri), 
since the latter sum maps to IC°°''^'^{X^) anyway. The first part of the Theorem 
is known, see, for instance, [9] or [4]. Concerning the relation (|1.33p we write 

o-acdgciv)^ = o-{ac(?7) + 0,4,(11)}^ (1-34) 

with 

^civ) t^f'uj^oplj ^(/i)(77)w^, 

a^{r]) := t'^il - w^)0pt(p)(r7)(l - (f>„) 

and it suffices to take the summands separately. In order to show (|1.33p we con- 
sider, for instance, the derivative d/drjj =: dj for some 1 < j < q. By iterating the 
process we then obtain the assertion. We have 

d-ja{ac{r]) + a^{r])}a = a{djac{r]) + dja^{T])}a = 61(77) + 62(?/) + bairj) 

with 

bi{r]) crt"^|cj,,op],7^(/i) (77)9,(1;,, + {I - ujn)Opt{p){r])dj{l - u,^)^a, 

62(77) at-^'^^ujrioplj^ {djh){ri)u^ + (1 - ujr^)Opt{djp){ri){l ~ 

bsir^) := at~^^{{d,iUr,)opl;^{h)irj)u^ + (9,(1 - c^,,))Op,(77)(7?)(l - <I>,,)}a. 
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In &i(r/) we can apply a pseudo-locality argument which is possible since djUJri = 
on supp and dj{l — ujrj) = on supp (1 — ^^^77); this yields (together with similar 
considerations as for the proof of (|1.32|) ) 

Moreover we obtain 

since djh and djp are of order IJ. ^ 1 (again combined with arguments for (|1.32p ). 
Concerning 63(77) we use the fact that there is a ■0 G C^(M+) such that = 1 on 
supp djUj, uj — = on supp9jcj and (1 — (D) — -0 = on supp9j W. Thus, when 
we set := ^{t[ri]), we obtain 63(77) :— C3{r/) + 04(77) with 

03(77) := at-'' ^^{djUj^)oplj'^ {h){ri)ijjr, - ((9jW,,)Opt(p)(77)7A^ 

04(77) := crt"^|(ajW,,)opX7' (/i)('7)K -^v] - idj^v)OPtip)iv)[i'^ - ^v) - ^v]}^- 

Here, using djOJri = {uj'),jdj{t[T]]) which yields an extra power of t on the left of the 
operator, together with pseudo- locality, we obtain 

04(77) e 5''-\M«;/C"^^'S(X^),/C°°^^-^'S(X^)). 

To treat 03(7/) we employ that both djCOn and 0^ are compactly supported on R_|_. 
Using the property (|1.26p . we have 

caiv) = at-^(9jtJ^){op]7^(/i)(77) - Opi(p)(7/)}V'^CT 

e 5^-i(M«; /C"^^^9(x^), /C°°^^-''^9(X^)). 

□ 

Definition 1.3.3. A family of operators 0(77) e S{W, f]^^^ C{H'-'^ {M),H°°-'^{M))) 
is called a smoothing element in the parameter- dependent cone calculus on M 
associated with the weight data (7, S) G R^, written c G Cg{M, (7, 6); M^), if there 
is an e = e{c) > such that 

c*{7f) G S{m.\C{H^'-^{M),H'^^'"'+''{M)))- 

for all s G K; here c* is the rj-wise formal adjoint of c with respect to the iJ°'"(M)- 
scalar product. 

The 7/-wise kernels of the operators 0(7;) are in C°° {{M \ {v}) x {M \ {«})). 
However, they are of flatness e in the respective distance variables to v, relative to 
the weights 5 and 7, respectively. Let us look at a simple example to illustrate the 
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structure. We choose elements k e S{W , H°^'^+%M)), k' e 5(R9, i7°°'-'^+^(Af)) 
and assume for convenience that k and k' vanish outside a neighbourhood of v, 
for aU 77 g R'. Then with respect to a local splitting of variables {t,x) near v we 
can write k — k{r],t,x) and k' ~ k'{r],t' ,x'), respectively. Set 



c{r])u{t,x) ■=11 k{r],t,x)k'{r],t' ,x')u{t' ,x')t'"dt'dx' 
with the formal adjoint 



c*{r])v{t',x') := JJ k'{-q,t' ,x')k{ri,t,x)v{t,x)t'^dtdx. 

Then c{rf) is a smoothing element in the parameter-dependent cone calculus. 
By C^{M, (7, 7 — /i); R'?) we denote the set of all operator families 

a{ri) = aacdgciv)^ + (1 - cr)aint(?7)(l - o") + c{r]) (1.35) 

where Oedgc is of the form (|1.27p . ai^t G L'^^{M\{v}; M''), while 0(77) is a parameter- 
dependent smoothing operator on M, associated with the weight data (7,7 — fi). 

Theorem 1.3.4. Let AL be a compact manifold with conical singularity. Then the 
rj-dependent families p.22p which define continuous operators 

a{r]) : H'^^{M) H'-"'^-" {M) (1.36) 

for all s £W, v > pL, have the properties: 

\\a.{-n)\\c(H'n{M),H'---i-[M)) <c{ri)^ (1.37) 

for all rj G R'', and s G M, with constants c = c{ii, v, s) > 0, B = B{p, s), and, 
when fJ. < 

\\a{r])\\c(Ho.a(M)M».o{M)) < c{ri)^ (1.38) 
for all ?7 G R, s £ M, with constants c = c{fi, s) > 0. 

Proof. The result is known for the summand (1 — t7)ai„t(?7)(l — o") as we see from 
Example 11.1.51 Therefore, we may concentrate on 

To show ()1.37p we pass to 

aaedgc(?7)a : /C^^^(X^) IC'-'^^-' {X"^). 
Then Theorem 11.3.21 shows that we have symbolic estimates, especially 

\\l^lrr,Pi^)'^{ri)\\c{K''-'iX^)X'-'^-^-^'iX^)) < c(??)^- 
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We have 

\\piv)\\c{>C'.-'ix'^),iC''-'--'-"{X'^)) < \\piv)\\c(>c---'{x^),iC''~''-''-f'{x^))i 

and 

< ll£(K:=-A''^-A*(x'-),K:=-^'-^-f (^'')) \\c{K-.-'ix^),K-.-'{X'^)) 

hi,]\\c(^^-^.^-^ix^)X^.Hx^)j < c(77)^+™. 

Here we used that satisfy estnuates hke ()1.4p . 

For p.38p we eraploy that ka is operating as a unitary group on /C°'"(X^). This 
gives us 

\\pi'ri)\\c{K«.0{X^),K°-°{X^)) = lj«("4p(»7)«(r,)||£(/CO.('(XA),/CO^('(XA)) 

< ll%)P(»7)'t(,i)ll£(K;o.o(Jf'^),K;-A',-f.(jfA)) <c{riY. 

□ 

Theorem 1.3.5. For every k Z there exists an fk{z) G Fn+i _^) smc/i 

that for every cut-off functions uj^uj the operator 

A l+u;opl;^{fk)Ci> : ^ if^^^(Af) (1.39) 

is Fredholm and of index k, for all s G M. 

Proof. We employ the result (cf. [SlI) that for every k E Z there exists an /^(z) 
such that 

A := 1 +cc>opX7^(/fc)ci : /C^'^(X^) ^ /C^^^(X^) (1.40) 

is Fredholm of index k. Recall that the proof of the latter result follows from a 
corresponding theorem in the case dimX = 0. The Mellin symbol fk is constructed 
in such a way that l+fk{z) 7^ for all z e ri_^ and the argument of l+/fc(z)|ri 
varies from 1 to 27rfc when z G ri_^ goes from Imz = —00 to Imz = +00. The 
choice of uj, uj is unessential; so we assume that w, w = for r > 1 — e with some 
e > 0. Let us represent the cone M :— as a union of ([0, 1 + §) x X) / ({0} x 
X) =: M_ and {1- §,00) x X =: M+. Then 

= 1 + ^op]7* (fk)u, = 1. (1.41) 

Moreover, without loss of generality, we represent M as a union ([0, 1 + |) x 
X) /({O} X X) U A/4- where M_|_ is an open C°° manifold which intersects ([0, 1 + 
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I) X X)/{{0} X X) =: A/_ in a cylinder of the form (1 - §, 1 + §) x X. Let B 
denote the operator on M , defined by 

B- := A\m_ = 1 + Luopl;"^ {fk)Cb, B+ := A\m^ = 1 (1.42) 

We are then in a special situation of cutting and pasting of Fredholm operators. 
We can pass to manifolds with conical singularities N and N by setting 

iV = M_ U M+, N ^ U M+ 

and transferring the former operators in (11.4ip . ()1.42p to N and N, respectively, by 
gluing together the ± pieces of A and A to belong to M± and M± to corresponding 
operators B on N and B on N. We then have the relative index formula 

indA - indS = indA - indi? (1.43) 

(see [22] )• In the present case A and M are the same as B and N where B and N 
are the same as A and M. It follows that 

indl - indi? = indS - indA (1.44) 

From (fLlS]) . (fOi]) it follows that indA = indB = indA. □ 

Theorem 1.3.6. There is a choice ofm and g such that the operators (|1.22p form 
a family of isomorphisms 

a(7]) : H''"'{M) -> H'-^'''<->'{M) (1.45) 

for all s eR and all 77 G R'. 

Proof. We choose a function 

p{t,T,ri,C) ■.^p{tT,tr],C) 

similarly as (fL^l) where Pif, fjX) e L'^^{X■,Rl't''+^)J > 1, is a parameter- 
dependent elliptic with parameters T,f},C,. For purposes below we specify 
p{t, f, ^, C,) in such a way that the parameter-dependent homogeneous principal 
symbol in (t, x, f , ^, f], C,) for (f, ^, t), C) is equal to 

(|fp + |eP + |ryp + |CP)^. 

We now form an element 

Mt,^,r7,C) eM^(X;M«+') 
analogously as (|1.24|) such that 

Ki^z.riX) h{t,z,t-q,C) 
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satisfies 

opX,(/i)(r,,C)=Op,(p)(77,C) 

mod L~°°{X^; M^"'^'). For every fixed ^ G R' this is exactly as before, but in this 
way we obtain corresponding C-dependent families of such objects. It follows 

cr&cdgc(?/,C)'^ = ^"^0- {^^»?oPm ^ {h){r],0'^yi + X»jOPt C)x»j} 

with 

Let us form the principal edge symbol 

CTA(cr6edgeCT)(?7,C) = |t^|^|OpXj ^ (h) {fj , C) M + X|t,| Opj (p) (?7, C)x|,,| } 

for I??! 7^ which gives us a family of continuous operators 

cTA(a6cdgc^)(r/, C) : IC^'^-'^iX"^) /C^-a^^7-m;9(xA) (1.46) 

which is elliptic as a family of classical pseudo-differential operators on X^. In 
addition it is exit elliptic on X'^ with respect to the conical exit of X'^ to infinity. 
In order that (|1.46p is Fredholm for the given weight 7 e M and all s, 5 G M it is 
necessary and sufficient that the subordinate conormal symbol 

is a family of isomorphisms for all z G F n+i . This is standard information from 

2 ' 

the calculus on the stretched cone X'^. By definition the conormal symbol is just 

h{Q,z,QX)--H'{X)^ H'-f'iX). (1.47) 

Since by construction h{j3 + ir, 0,(^) is parameter-dependent elliptic on X with 
parameters (r, C) G M^+' , for every /3 G M (uniformly in finite /3- intervals) there 
is a C > such that (|1.47p becomes bijective whenever |r, C| > C. In particular, 
choosing C, large enough it follows the bijectivity for all r G K, i.e., for all z G 
F ti+i ... Let us fix in that way and write again 

pit, T, 77) := pit, T, 77, C^), hit, z, 77) := /i(z, t-q, C^). 

We are now in the same situation we started with, but we know in addition that 
(|1.46|1 is a family of Fredholm operators of a certain index, say, —k for some A: G Z. 
With the smoothing Mellin symbol fkiz) as in p.40p we now form the composition 

cr6odgo('7)o'(l + ^-qO^li ^ ifk)(^v) (1-48) 

which is of the form 

o'6cdgc(?7)CT + cj,,op]7~ (/)a),, + git]) (1.49) 
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for another smoothing MeUin symbol f{z) and a certain Green symbol giji). Here, 
by a suitable choice of uj^lo, without loss of generality we assume that a = 1 
and CT = 1 on suppw^ U suppw,,, for all 77 G R"^. Since (|1.48p is a composition of 
parameter-dependent cone operators the associated edge symbol is equal to 

(1.50) 

which is a family of Fredholm operators of index 0. By construction p.50p depends 
only on |?7|. For € S'^~^ we now add a Green operator go on such that 

is an isomorphism; it is known that such go (of finite rank) exists (for N = 
dimker_F(77) it can be written in the form gou where (•, •) 

is the K°-^{X^)-sca.\ai product and (wj)j=i,...,jv and (wj)j=i,...,Ar are orthonormal 
systems of functions in C^{X^)). Setting 

5(77) (T-&{'q)\r]\''m^\goK~^^a 

with an excision function i^rj) in we obtain a Green symbol with cr^{g){ri) = 
\ri\^K\rj\goK'^j^] and hence 

a^{F{7j) + giij)) : /C^'^(X^) ^ /C^-^'^-^(X'^) 

is a family of isomorphisms for all 77 G M'^ \ {0}. Setting 

acdgo(??) := t^^ujnOPM ^ (^)'^') + XvOPtip)iv)Xri (l + t^,,op]^ ~ (/fc)'ir,) 

+ hri?('?)«hl5o'^H (1.51) 

we obtain an operator family 

o-acdgo(?/)5- ^ F{ri)+g{ri) 

as announced before. Next we choose a parameter-dependent elliptic aint(?7) G 
L^'i(Af M^) such that its parameter-dependent homogeneous principal symbol 
close to i = (in the splitting of variables {t, x)) is equal to 

i\r\' + \e + \vn^- 

Then we form 

a(r/) := (Tacdgc(?7)o- + (1 - a-)aint(?7)(l - a) 

with a, a, a as in p.22p . This is now a parameter-dependent elliptic element of 
the cone calculus on M with parameter 77 £ M'^. It is known, see the explanations 
after this proof, that there is a constant C > such that the operators (|1.45p are 
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isomorphisms for all |7/| > C. Now, in order to construct a(ry) such that p.45p 
are isomorphisms for all i] e we simply perform the construction with (77, A) € 
]g^<j+T-^ r > 1 in place of 77, then obtain a family 0(77, A) and define 0(77) := 0(77, A^) 
with a Ai e M'', |Ai| > C. □ 
Let us now give more information on the above mentioned space 

of parameter-dependent cone operators on M of order G M, with the weight data 
g. The elements 0(7;) e C^(Af, g;M*) have a principal symbolic hierarchy 

cr(a) := (cr^ (a), (Ta (a)) (1.52) 

where cr^(a) is the parameter-dependent homogeneous principal symbol of order 
^, defined through 0(7;) G L'^iiM \ {u};M'^). This determines the reduced symbol 

given close to v in the splitting of variables (t, x) with covariables (r, ^) . By con- 
struction a^{a) is smooth up to i = 0. The second component (7/\{a){ri) is defined 
as 

crA(a)(7/) := i-''w|^|0p]7^ (/iq) (7;)J)|^| 

+ t"^(l - W|,,|)0pt(po)(?7)(l -wi^i) + crA (77^-1- g) (77) 

where a^{m + g){r]) is just the (twisted) homogeneous principal symbol of 777 + 
as a classical operator- valued symbol. 

The element 0(7;) of Cg(M, g;R') represent families of continuous operators 
a{r]) : ^'''{M) ^ iJ^^^-^(M) (1.53) 

for all s e R. 

Definition 1.3.7. An element a{rj) e C''(M, g;R'?) is called elliptic, if 

(i) a^{a) never vanishes as a function on T*{{M \ {v}) x W) \ and if a^{a) 
does not vanish for all (t, x, r, ^, 77), (r, ^, 7;) ^0, up to t — 0; 

(ii) (TA(fl)(^) : JC'^'"' (X^) — > /C'''^^''''^^(X'^) zs a family of isomorphisms for all 
rj =/= 0, and any s G M. 

Theorem 1.3.8. If a{ri) G C^(A/, g; R"?), g = (7,7 — /i) is elliptic, there exists an 
element a^-^^rj) G C~^(M, R'?) := (7-7^,7), smc/i that 

1 - a(-i) (77)0(77) G CG{M,gi;Ri), 1 - a{v)a^-'\r,) G Cg(A/, g,; R''), 

Tii/iere := (7,7), g^ (7 - /i, 7 - /i). 
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The proof employs known elements of the edge symbolic calculus (cf. 35J); so we 
do not recall the details here. Let us only note that the inverses of cr^(a), <7^{a) and 
a/\{a) can be employed to construct an operator family 6(77) G C~'^{M, g^^;W) 
such that 

This gives us 1 — b{rj)a{rj) —: ca{ri) £ C^^(M, g^; R''), and a formal Neumann 
series argument allows us to improve 6(77) to a left parametrix a^^^'^{r]) by set- 
ting a^-^^\r]) := (^J2'jLa '4)i''l)j ^iv) (using the existence of the asymptotic sum 
in C'^(M, gr; M*)). In a similar manner we can construct a right parametrix, i.e., 
a'^~^^{ri) is as desired. 

Corollary 1.3.9. If a{r]) is as in Theorem 11.3.81 then (jl.53p is a family of Fred- 
holm operators of index 0, and there is a constant C > such that the operators 
(|1.53p are isomorphisms for all > C, s G R. 

Corollary 1.3.10. If we perform the construction of Theorem 11.3.81 with the pa- 
rameter (77, A) G M''+', I > 1, rather than 77, Corollary 11.3.91 yields that 0(77, A) is 
invertible for all rj G R'^, |A| > C. Then, setting 0(7/) :— a{r],X^), \X^\ > C fixed, 
we obtain 0-1(77) G C~^'{M,g~^;W). 

Observe that the operator functions of Theorem 11.3.41 refer to scales of spaces 
with two parameters, namely, s G R, the smoothness, and 7 G R, the weight. 
Compared with Definition 1 1 . 2 . 1 1 we have here an additional weight. There are two 
ways to make the different view points compatible. One is to apply weight reducing 
isomorphisms 

h-7 . H''^{M) H^'^-f^iM) (1.54) 
in p.2ip . Then, passing from 

0(77) : H'''<{M) -> H'-^'''<^t'{M) (1.55) 

to 

6^(77) := h-''+^a(77)h'' : H'^°{M) H'-^-^iM) (1.56) 

we obtain operator functions between spaces only referring to s but with properties 
as required in Definition 1 1.2. II (which remains to be verified). 

Remark 1.3.11. The spaces E^ II^'^{M), s G M, form a scale with the prop- 
erties at the beginning of Section 11.11 

Another way is to modify the abstract framework by admitting scales E'''^ 
rather than E^ , where in general 7 may be in R'^ (which is motivated by the 
higher corner calculus). We do not study the second possibility here but we only 
note that the variant with £'^''''-spaces is very similar to the one without 7. 
Let us now look at operator functions of the form p.56p . 
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Theorem 1.3.12. The operators ()1.56p constitute an order reducing family in 
the spaces E^ H^''^{M), where the properties (i)-(iii) of Definition 11.1.31 are 
satisfied. 

Proof. In this proof we concentrate on the properties of our operators for every 
fixed s,n,v with v > ^. The uniformity of the involved constants can easily be 
deduced; however, the simple (but lengthy) considerations will be left out. 

(i) We have to show that 

Df^b^'i'q) = D^{h-^+^a(??)hT} e C°°(M^£(£;^S^-^+"^l)) 

for all s G M, /3 G N''. According to (|1.22p the operator function is a sum of two 
contributions. The second summand 

(l-^)h-^+^ai„t(»7)h^(l-^) 

is a parameter-dependent family in L(f[(2M;M') and obviously has the desired 
property. The first summand is of the form 

ah-^+'^{aedgc(r/) + m(77) + 5(77)}h^a. 

From the proof of Theorem 11.3.41 we have 

for every (3 G N'. In particular, these operator functions are smooth in r] and 
the derivates improve the smoothness in the image by \(3\. This gives us the de- 
sired property of CTh^'''^^aedgc('7)li'''fT. The C°° dependence of m{ri) + g{r]) in r] is 
clear (those are operator- valued symbols), and they map to IC°°''^~>^'S{X^) any- 
way. Therefore, the desired property of ah~'^^'^{m{ri) + g{rj)}\i'a is satisfied as 
well. 

(ii) This property essentially corresponds to the fact that the product in consider- 
ation close to the conical point is a symbol in rj of order zero and that the group 
action in /C'^'°(X^)-spaces is unitary. Outside the conical point the boundedness 
is as in Example 11.1.51 

(iii) The proof of this property close to the conical point is of a similar structure 
as Proposition 11.1.91 since our operators are based on operator- valued symbols 
referring to spaces with group action. The contribution outside the conical point 
is as in Example 11.1.51 □ 

Remark 1.3.13. For E'' := W'°{M), s G K, f {E'')sm, the operator functions 
b^iv) of the form p.56p belong to S'^{W';£,£) {see the notation after Definition 

imi). 



2 OPERATORS REFERRING TO A CORNER POINT 



28 



2 Operators referring to a corner point 
2.1 Weighted spaces 

Let £ = (£"*)seR G 2; be a scale and (fo^(g))pGR; g £ K, be an order reducing 
lamily (see Definition 1 1 . 1 .31 with q = 1). We define a new scale of spaces adapted 
to the MeUin transform and the approach of the cone calculus. In the following 
definition the MeUin transform refers to the variable r E M+, i.e., M = Mr^w 

Definition 2.1.1. For every 5,7 e M we define the space 7i (R+, to he the 
completion of (K+ , ) with respect to he norm 

1 /" ~ 

lkllw=-(K+,£)-|:r- / WilT^w){Mu){w)\\lodwY (2.1) 

Jar a d — dg £ N. The Mellin transform M in (|2.ip is interpreted as the weighted 
Mellin transform M^_d. 

The role of dg is an extra information, given together with the scale E. In the 
example £ = [H^ {X))seR for a closed compact C°° manifold X we set dg := 
dimX. 

Observe that when we replace the order reducing family in (|2.ip by an equiva- 
lent one the resulting norm is equivalent to (|2.ip . 

By virtue of the identity 

r'^n'^'''iM+,£) = H'-''+'^iR+,£) 

for every s, 7, /3 G M, it is often enough to refer the considerations to one particular 
weight, or to set 

ds = 0. (2.2) 

For simplicity we now assume (|2.2p . 

Let us consider Definition 11.2.11 for the case U = R, q = 1, and denote the 
covariable now by £i e R. Set 

S''iW+xR+xR;£,£) := 5^(R x R x R;f ,f )|g_^^5^^K 

and 

5^(R+ X 1+ X Ts;£,£) := {a{r,r',w) e C°°(l+ x R+ x Ts, €''{£,£)) 

: a{r,r',6 + ig) G 5^(1+ x R+ x Rp;£,£)} 
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for any 5 G M. The subspaces of r'-independent ((r, r')-independent) symbols are 
denoted by 5^(1+ xM;£:,f) (5^(R;f,£')) and 5^(1+ x T^; {S'^iVs; £,£)), 

respectively. 

Given an element f{r,r' ,w) e S'''(M+ x M+ x T we set 

oplAfHr)^-J (-)-(.-7+»^)/(r,r^--7 + ^^.Wr')— d^.. (2.3) 

Let, for instance, / be independent of r' . Then (|2.3p induces a continuous operator 

ovliU) ■■ Co"(M+,i?°°) - C^iR+,E^). (2.4) 

In fact, we have opJj(/) = M;^^^^f{r, w)M^y^w. The weighted Mellin trans- 
form My induces a continuous operator 

M,:C^{R+,E')^S{T._y,En 

for every s G M. The subsequent multiplication of Mju{w) by /(r, w) gives rise to 
an element in C°°(R+, 5(ri i?'*^^)), and then it follows easily that op1j{f)u G 

C°°(M+, £^*~'^). We now formulate a continuity result, first for the case of symbols 
with constant coefficients. 

Theorem 2.1.2. For every f{w) G S'^{ri_^;£,£) the operator (|2.4p extends to 
a continuous operator 

opl,{f):H''^R+,£)^n-'-''-''{R+,£) (2.5) 

for every s G M. Moreover, f — s- op]^^(/) induces a continuous operator 

S^'{^l_^■£,£) C{n'''^{M.+ ,£),n'~''^'''{R+,£)) (2.6) 

for every s G M. 
Proof. We have 

I|0plf(/)U||^._,.,(K^ 

||6«-^(e)M^(Af-V(^ ~ 7 + *e))(M7«)(^ - 7 + *e)ll|o^^e 

\r~''{g)f{^ - 7 + ^^^)^^-^(^^)&^(^>)(M7«)(^ - 7 + ^^?)ll|od^> 

< C^\\u\\t-1''-->(R+,£) 

with ^ 

c = sup ||6'^"^(£-)/(- - 7 + «6')6-"(f?)||£(£o jo) 
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which is finite for every s G R (of. the estimates p.lOp ). Thus we have proved the 
continuity both of (|231) and (|?!6l) . □ 

In order to generahse Theorem 12.1.21 to symbols with variable coefficients we 
impose conditions of reasonable generality that allow us to reduce the arguments 
to a vector-valued analogue of Kumano-go's technique. 

Given a Frechet space V with a countable system of semi-norms (TrJ^gN that 
defines its topology, we denote by 

(M+ X R+, V") 
the set of all u{r, r') e C°°(M+ x R+, y) such that 

sup TrJ{rdr)''{r'dr')''' u{r,r')j < oo 

for all k,k' G N. In a similar manner by C^(M+,T^) we denote the set of such 
functions that are independent of r'. 
Moreover, we set 

5^(R+ X M+ X ri_^;£,£) := C^{R+ x M+, S'^(ri £)) 

and, similarly, S'^(R+ x Ti_^;8,8) := Cg^(R+, S'''(r i f )). 

Theorem 2.1.3. For every f{r,w) G 5*^(1^+ x Ti_^;£, £) the operator op^^(/) 
induces a continuous mapping 

oplif) : n''''(R+,£) ^ W^-^-^(R+,f), 

and f — > opJj(/) a continuous operator 

5^(R+ X ri_^;£,£) -> C{n'-^{R+,£),n'-'''^R+,£)) 

for every s G R. 

Parallel to the spaces of Definition 12.1.11 it also makes sense to consider their 
"cylindrical" analogue, defined as follows. 

Definition 2.1.4. Let {f^ {ri))si£m, be an order reducing family as in Definition 
11.1.31 For every s G R we define the space H'^{R'',£) to be the completion of 
(R.'^ , E°°) with respect to the norm 
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Clearly, similarly as above, with a symbol a{y,y',ri) e S^iW' x R'' x W]£,£) 
(when we impose a suitable control with respect to the dependence on y' for large 
\y'\) we can associate a pseudo-differential operator 

OvJa)u{y)= 1 1 e'^y-y'^^a{y,y',f^)u{y')dy'dri 



In particular, if a = 0(77) has constant coefficients, then we obtain a continuous 
operator ^ 
Opy{a) : H%W,£) H'-''{W,£) 

for every s e K. In the case of variable coefficients we need some precautions on 
the nature of symbols. This will be postponed for the moment. 

We are mainly interested in the case q — 1- Consider the transformation 
{S^u)iy) := e-^i-^>yu{e~y) 
from functions in r G IR.+ to functions in y G M. We then have the identity 

with being the one-dimensional Fourier transform. This gives us 



1^ 

1277 



\\b%7j){TSju){r])\\l;odr]Y = \\S^u\\h^(s.,£) = ||w||-h=,-»(r+,£), 
i.e., S-y induces an isomorphism 

Remark 2.1.5. By reformulating the expression (|2.3p we obtain 
Substituting r — e^^ , r' = e^^ gives us 

e~y' , ^ - 7 + ig)u{e^y')dy'dg ^ Opy{g^)v{y) 

with v{y) := u{e~y) and g^{y, y' , g) e'^^-^'^'-y-y"^ f{e-y , e^^^', 5 - 7 + ig). 

In other words, if x ■ ^+ — > K is defined by x(^) = — logr =: y, we have 
(x*^^)(^) = logr) or {{x~^)*'u)i9) = ^(6"") and 

Thus Opy{gj) is the operator push forward of Qp\j{f ) under x- 
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2.2 Mellin quantisation and kernel cut-off 

The axiomatic cone calculus that we develop here is a substructure of the gen- 
eral calculus of operators with symbols in a(r,p) G S'^(M+ x M.;£,£) of the form 
a{r,p) = a{r,rp),d{r, p) G 5'^(R+ x Rp;£, £) (up to a weight factor and modulo 
smoothing operators) with a special control near r = via Mellin quantisation. By 
L~°° (R+ R'^) we denote the space of all Schwartz functions in 77 G K'' with 
values in operators 

C^{R+,E-°°) C°°{R+,E°°). 

We then define 

i^(M+; £, £■ W) = {OvMiil) + C(7?) : 

a{r,p,T^) e S'^(M+ X Ri+'?; f ), (7(77) G L-'^{R+:£,£:W)}. 

Our next objective is to formulate a Mellin quantisation result of symbols 

a(r, p, 77) = ~a{T, rp, rr^), a(r, p, r)) G 5^(1+ x M^t^; £, f ) (2.7) 

(see Remark nrr^ . 

Definition 2.2.1. 5?/ M^(f,£;R?) we denote the set of all h(z,fj) G 
y^(C, 5^ (M?; £:,£")) swc/i that 

h{P + ip,fi) eS''iRpxM.'i;£,£) 

for every /3 G M, uniformly in compact ^-intervals. For q = we simply write 
M^i£,£). 

Theorem 2.2.2. For every symbol a{r,p,r]) of the form (|2.7I) there exists an 
h{r,z,fj) G C°°{R+,M^{£,£]W j) such that for h{r, z,r]) := h{r,z,rr]) and every 
(5 G K we have 

modulo operators in L~°°(M_|_; f , f ; M"^). 

This result in the context of operator- valued symbols based on order reductions 
is mentioned here for completeness. It is contained in a joint work (in preparation) 
of the second author with C.-L Martin (Potsdam) and N. Rablou (Gottingen). It 
extends a corresponding result of the edge symbolic calculus, see [H Theorem 3.2]. 
More information in that case is given in [141 Chapter 4] . Here we adapt some part 
of this approch to realise the kernel cut-off principle that allows us to recognise 
how many parameter-dependent meromorphic Mellin symbols exist. 
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Definition 2.2.3. Let S^'{C x Wi]£,£) denote the space of all h{(,Tj) e 
^(C,S'^(R9;£:,£)) such that 

for every 5 G M, uniformly in compact S-intervals. 

Clearly the space S'^{C x R'^;£,£) is a generalisation of Mq{£,£), iiowever, 
with an interchanged role of real and imaginary part of the complex covariable. 
To produce elements of S^{C x W^;£,£) we consider a so-called kernel cut-off 
operator ^ ^ 

V : C^(R) x S''(R^+'^;£,£) ^ S^^iC x W;£,£) 

transforming an arbitrary element a(p,ri) E S^{M.^^'^;£,£) into (y{ip)a){(,rj) e 
Sf'iC X M9; £) for any ip G Co"(M). It wiU be useful to admit (p to belong to the 
space C^(M) := {(p e C°°{Re) ■ supegR \D^^i9)\ < oo for every k e N}. We set 

{V{ip)a) (p, ,7) II e- -^'>f>^{e)a{p - p, r^)dedp, (2.8) 

interpreted as an oscillatory integral (see also [E]). We now prove the following 
result: 

Theorem 2.2.4. The kernel cut-off operator 

V ■.{^,a)^V{^)a 
defines a bilinear and continuous mapping 

V : C^{M.) X S'^(Mi+«;£,£) ^ S^'{m}+'i ■£,£), (2.9) 
and (y((^)a) (p, 77) admits an asymptotic expansion 

{V{^)a) {p, ^-j^D'MO)d'pa{p, 77). (2.10) 

Proof. First note that the mapping 

if, a) ^{0)a{p - p,Tj), 

C^{M.) X 5^(Ri+«;£,£) ^ C°°(M^,,,5^(Ke x Rp;£,£)) 

for S'(;(Re x Rp;£:,f) := C^f (Rg, S'^(Mp; £)) is bilinear and continuous. For 
the proof of the continuity of (j2.9p it suffices to verify that (V{(p)a) {p,ri) e 
S'^(M^+*; f , f ) and then to apply the closed graph theorem. By virtue of 

DP^^^{V{^)a){p,^) = {V{^){Dfl^a)){p,v) 
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for every /3 G N^+' we only have to check that for every s e M 

W'^ip,v)iVi^)a){p,r^)b-^{p,r^)\\^^^o,EO) < c (2.11) 

for all {p,ri) G R-'^+*, with a constant c = c(s) > 0. We regularise the oscillatory 
integral 

for 

UNip, P, ry) (1 - a|){(p)-2^a(p - p, r,)}. (2.12) 
The function (|2.12p is a linear combination of terms 

(5^ (p)-2^)(a»(p - p, for < J, fc < 2. 

We have 

W'^'iP, v){JJ e-^'^{9)-\i - dir^{e){di{p)-^'') 

idpa){p - p,T])d0dpjb^%p, v)\\ciEO,EO) 

= II lly-^{p,v)b-'+^'{p-p,v)b'-''{p-p,v){e-'''{0)-'{l^d'o)''^iO) 

{dl{pr'^)id';a)ip - p, v)}b-%p - p, vWip - P, V)b-'{p, rj)d9dp\\ciE0,E0) 

<cJJ ||6^-^(p,7?)^'^+''(p-p,r;) 11^(^0 Jo, ||6^-^(p-p,77)(a^(p)-2^) 

{dpa){p - p, r])b^'{p - p, rf)]] ^f^^^ .e°) W{P - P-. v)b'''{p, v)\\c{EO,EO)dp. 

(2.13) 

For the norms under the integral we apply the Taylor expansion 

M 

b%p-p,v) = E —id^bn{p,v){-pr 

7n—0 

~ M+l pi 

+ M! l^^' tf\d^'+^b^){p tp,^)dt. 

This yields 

\\b%p- P, v)b~'{p,v)\\c{EO,E«) 

M 

^ E ^_(Pr\\i97bniP,^)b-%P,v)\\ciE0,E0) 

ni—O 
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By virtue of p.l2p . Proposition 11.2.71 and Proposition 11.2.51 we obtain 
\\{dp^b^){p, r])b^'' {p, ri)\\ci^E« ,E0) < c{p,ri)~'"^. Moreover, using Definition 1 1 . 1 . 31 (iii) . 
it follows that 

II id'/+'bn{p - tp, r,)h-^ (p - tp, r^)¥ (p - tp, r,)h-^ (p, v)\\ciEO^EO) 
< c\\{df+'¥)ip - tp,v)b-^ip - tp,rj)\U^EO^EO) 
\\b'{p-tp, v)\\c{E^,EO)\\b^'{p, TljWciEO^E") 

with certain Bi{s), i — 1,2. We thus obtain 
\\b'{p~ P, v)b^'{p, v)\\c(E«,E«) 

< C{pf'+^ ( sup {p ~ tp, Tj)-iM+l)+B, is) ) ^^B. (.) 
t|<l 

By Peetre's inequality for L > we have 

SUp(p-ip,77)-^ <c(p)^(p,7?}-^. 

tl<l 

Thus choosing M so large that 

-(M + 1) + Bi(s) < 0, ~{M + 1) + Bi{s) + B2{s) < 0, 
it follows that 

\\b%p-p,r,)b-%p,v)\\ciEO,EO) (2.14) 

for A{s) := 2{M + 1) - S2(s). 

In a similar manner we can show that 

W-^{p,rj)b--^+^{p^p,^)\\^^go^Eo)<c{p)^^'^ (2.15) 

for some A{s) e M. Applying (|2TT4ll and ([2TT5| in the estimate ((27T3ll it follows 
that 

\\b^~^{p,r^){Vi^)a){p,rj)b-%p,rj)\\^^^o,^o^<c ^ / |a^(/5)-2^|(p)^(^)+^(^)5p. 

0<j<2'' 

(2.16) 

Since e N can be chosen as large as we want, it follows that the right hand side 
of ()2.16p is finite for an appropriate N. This completes the proof of (|2.1ip . The 
relation (|2.10p immediately follows by applying the Taylor expansion of (yS at 0. □ 
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Theorem 2.2.5. The kernel cut-off operator V : {(p,a) V{ip)a defines a bilinear 
and continuous mapping 

V : C^{M.) X S''{R^+'^;£,£) S^{C x M.'^;£,£). (2.17) 

Proof. Writing 

{V{ip)a)ip,r,) = J e-^%(0){ J e^'^' a{p' ,r,)dp'}d9 

we see that (V{(p)a^{p,?]) is the Fourier transform of a distribution 
ip{9) J e'''p'a{p\ri)dp' £ S' {Re , C^' {£ , £)) with compact support. This extends 
to a holomorphic C'^{£, f )-valued function in ( = p + iS, given by 

{V{ip)a){p + i6,r]) - {V{ips)a){p,r]) 

for ifsiO) e^^Lp{6). From Theorem 12.2.41 we obtain (y{Lp)a){p + i5,ri) e 

S'''(E^+«; £, £) for every (5 G R. By virtue of the continuity oi5 Lps,R-> C^{R) 
and of the continuity of (|2.9p it follows that (|2.17p induces a continuous mapping 

V : Co°°(M) ^ S^'{R^+'^;£,£) S^^ilg x M«;£,£), 

Is '■— {C ^ C : IniC — 6} wich is uniform in compact J-intervals. The closed graph 
theorem gives us also the continuity of p.lTp with respect to the Frechet topology 
of S'^(C X R«; □ 

2.3 Meromorphic Mellin symbols and operators with 
asymptotics 

As an ingredient of our cone algebra we now study meromorphic Mcllin symbols, 
starting from M^{£,£) (see Definition 12 . 2 . II for q = Q). 

Theorem 2.3.1. h e M^{£,£) and /ijr^ G 5''"''(r^; f , f ) for some e > entails 
h e M^-^' {£,£). 

Proof. The ideas of the proof are similar to the case of the cone calculus with 
smooth base X and the scales {H^ {X)^ (see, e.g., the thesis of Seller 09 ). □ 

Proposition 2.3.2. Let h{w) e M^{£o,£), f{w) £ AIq{£,£o); then for pointwise 
composition we have h{w)f{w) G Mq^'^ {£,£). 



Proof. The proof is obvious. 



□ 
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Definition 2.3.3. An element h(w) £ Mq(£,£) is called elliptic, if for some 
/3 G R the operators h{(3 + ip) : E'^ —^ E'^^^ are invertible for all s G M and 
h-Hp + ip) e S-f'(Rp;£,£). 

Theorem 2.3.4. Let h e M^{£,£) he elliptic. Then, 

h{w) : E' E''-^' (2.18) 

is a holomorphic family of Fredholm operators of index zero for s G K. There is 
a set D C C, with D Cl {c < Re w < c'} finite for every c < c' , such that the 
operators (|2.18p are invertible for all w £ C\D. 

Proof. By assumption we have g := (/ilr^)^^ G {T p; £ , £) . Applying a version 
of the kernel cut-olF construction, now referring to parallels of the imaginary axis 
rather than the real axis, with a function G C^(M+), -0 = 1 near 1, we obtain 
a continuous operator 

V{^):S->'{Tfi-£,£)~^M^^{£,£) 

where V{'ip)g\rp = g mod S-°°{T0;£,£). Setting h^-^'^{w) := V{^)g we obtain 
h^~'^\w) G Mq^(£,£), and from proposition 12 .3 . 21 it follows that 

h{w)h'^~^\w) G Mg(f h{w)^-^'^h{w) G M'^{£,£) 

and 

h{w)h^-'-Hw)\v, - 1 G S'°°{T,3-£,£),h{wf-'-^h{w)\T, - 1 G S-^{Tp-£,£). 

(2.19) 

for every /3 G K, and hence 

h{w)h^-^\w) = 1 + m{w), h{wf-^^h{w) = 1 + l{w) (2.20) 

for certain m{w) G M^°°{£,£), l{w) G M^°°{£,£). For every s G M and every 
fixed ui G C the operators 

m{w) : E" -> E°^, l{w) : E" ^ E°° 

are continuous. Therefore, since the scales have the compact embedding property, 
from (I2.20|l we obtain that h^~^\w) is a two-sided parametrix of h{w) for every 
w, i.e., the operators are Fredholm. Since h{w) G AiCX^'iE" ,E'-^')) is 

continuous in w G C we have ind h{wi) — ind h{w2) for every wi,W2 G C. 
However, since h{w) = consists of invertible operators on the line F/j it follows 
that ind h{w) = for all w G C. Finally, from the realtions ()2.18p we see that for 
every c < c' there is an L{c,c') > such that the operators (|2.18p are invertible 
for all w G C with |Im w\ > L{c,c'), c < Ke w < c' . Then a general result on 
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holomorphic Fredholm families tells us that the strip c < Re w < c' contains 
at most finitely many points where (|2.18|) is not invertible. Those points just 
constitute the set D, it is also independent of s, since ker h{w) is independent of s 
as we easily see from (|2.20l) and the smoothing remainders; then vanishing of the 
index shows that the invertibility holds exactly when ker h{w) — 0. □ 

Theorem 2.3.5. The ellipticity of h with respect to Tfj as in Definition 12.3.31 
entails the ellipticity with respect to Ts for all d diR- such that n I? = 0. In that 
sense Definition 12.3.31 is independent of the choice of p. 

Proof. Let us apply the kernel cut-off operator F(V'e), where ipe G C'o°(^+) of 
the form '(/'e(0 = '4'i£t)i £ > 0, for some cut off fuction ip. Then, setting 

we have /ejr^ G S~'^{Ti3;£,£) and /elr^j ~* h^^iP + ip) as e — > in the topology 
of S~'^{Tis;£,£). This shows us that /ejrj) is pointwise invertible when £i > is 
sufficiently small. Let us set h'^~^'>{'w) — fg-^{w). According to Proposition l2.3.2l we 
have g{w) := h^^^^^ {w)h{w) S Mq{£,£) and by construction 

5|r^ = 1 + / for some I G 5~°°(F^; f). 

Then Theorem [131] yields g^l mod M^°°{£,£). It follows that 

h-^lrMrs = l + ls for some k e S-°°{rs;£,£) 

and hence, since h\rs is pointwise invertible, 

h^-'^\r, = il + h){h\r,)-\ 

which yields 

(Mr,)-' ^il + ls)-'h<^''^rs- (2.2f) 

From Proposition 11.2.41 we know that Ig G S{rs, C^°° {£,£)) and it is also clear 
that {l + ls)~^ = l + msioT some ms e SiVs, C~°°{£,£)). Then Proposition [L2H 
shows that {h\r,y^ G S-^'{^s■,£,£). □ 
A sequence 

R = {{pj,mj,Lj)}j(,z 

is called a discrete asymptotic type of Mellin symbols, if pj G C, mj G N, and 
Lj C C~°°{£, £) is a finite-dimensional subspace of finite rank operators; moreover, 
TTc-R ■— {Pj)j& is assumed to intersect the strips {w G C : ci < Reiu < C2} in 
a finite set, for every ci < C2. Let M^°°{£,£) denote the space of all functions 
m G ■4(C \ TTcR, {£ , £)) which are meromorphic with poles at the points pj 
of multiphcity ruj + I and Laurent coefficients at {w — pj)~^''~^^^ belonging to Lj 
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for < fc < rrij, and x(u')m(u') jr^ G S{Ts',£t£) for every (5 G M, uniformly in 
compact ^-intervals, where x is any Trc-R-excision function. Moreover, we set 

M^{£,i) := M^{£,£) + M^°<-\£,£). (2.22) 

Theorem 2.3.6. Let h G M^{£q, £) , f G Mg{£,£Q) with asymptotic types R, S 
and orders /i, G M, then we have hf G M^'^''{£,£) with some resulting asymptotic 
type P. 

Proof. The proof of this result is analogous to the one in the "concrete" cone 
calculus, see [S2]. □ 

Proposition 2.3.7. For every m G M^°°{£,£) there exists an m^"-'^^ G 
Mg°^{£,£) with another asymptotic type S such that 

(l + m{w)) (l + m("^^(w)) = 1. 

For the proof we employ the following Lemma. 

Lemma 2.3.8. Let E he a Banach space, U <^ C open, G U, and let h G 
A{U, C{E)) be an element such that h{w) — for all u d F where F <Z E is a closed 
suhspace of finite codimension. Moreover, let ai, . . . , on G ^(E) be operators of 
finite rank, for some N G N\{0}. Then there is a S > such that the meromorphic 
C{E)-valued function 

N 

f{w) = 1 + h{w) + ^ ajW~^ 
is invertible for all < |w| < S. 

Proof of Proposition 12.3.71 First observe that if m G C^°°{£, £) is an operator 
such that 

l + m: E" E' 

is invertible for all s G K, we can define an operator g G C'^{£,£) such that 
(1 + to)(1 + g) = 1. This gives us 1 + m + g + mg = 1, and m, mg G C^°°{£, £) 
implies g G C^°° (£,£). 

Moreover, our operator function 1 + m is holomorphic in C \ ttcR. Then g — 
(l + m)~^ — 1 is holomorphic in C \ D with values in L^°°{£, £), where _D C C is a 
countable set such that {w G C : ci < Rew < C2} n {w G C : dist(u', Trci?) > e} nZ? 
is finite for every ci < C2 and £ > 0. If x(''^) is any _D-excision function, then we 
have 

X{w)il+m{w))\r, eS{Tp,C-^{£,£)) 

for every /? G R, uniformly in compact /3-intervals. This shows that x{w){^ + 
m{w))~^\rfj G S{ri3,C~°° {£,£)) for every /3 G K, uniformly in compact /3- 
intervals. It remains to show that g is meromorphic with poles at the points of D, 
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that D has no accumulation points at Trci?, and that the Laurent coefficients are 
of the desired kind, namely, to belong to L~°°{£, £) and to be of finite rank. Let us 
verify that there are no accumulation points of the singularities of (1 + m{w))~^. 
let wq be a pole of m, i.e., wq G ttcR- Then we can write 

K 

1 + m{w) = 1 + mo(u') + ^ bk{w - Wo)~^ 

k=l 

with suitable K qN, mo holomorphic in a neighbourhood of wq and C^°° {£,£)- 
valued, with finite rank operators bk- Note that toq ^ —1. Setting n{w) :— 
Y,k=i ^k{w - wq)^^ we have 

1 + m{w) = (1 + mo(w))(l + (1 + TOo(w))^"'"n(w)). 

Since toq is holomorphic near wq and l+mo(w) a Fredholm family, the singularities 
of (1 + mo(w))^^ form a countable discrete set; therefore there is a (5 > such 
that {\ -[- rrn){w))~^ exists for all < \w — wq\ <5. Moreover, {1 + mQ{w))~^ n{w) 
can be written in the form h{w) + X^jLi '^ji^ ~ ^^o)""' with a suitable h which 
is holomorphic near and finite rank operators a-j^ \ < j < N. The operator 
(1 + mo{w))~^n{w) vanishes on the space F HfeLiker&fc which is of finite 
codimension. Setting M := flj^i^^'^'^j follows that h{w)u = for all u e 
Mr\F] the latter space is also of finite codimension. Lemma r2. 3.81 then shows that 
1 + (1 + mo(w))~^n(it;) is invertible in < |w — wqI < i5 for a suitable (5 > 0. □ 

Theorem 2.3.9. Let h G Mq{£,£) be elliptic, then there is an f G Mg''''{£,£) 
with asymptotic type S such that hf = 1. 

Proof. Let h^-'^^w) £ M^{£,£) be as in the proof of Thcorem[2Xl Then we have 
the relation (|2.20p . By virtue of Proposition 12.3.71 there exists a g G M'^{£,£) 
for some asymptotic type P such that (1 + m{w)){l + g{w)) = 1. This yields 
h{w)f{w) = 1 for / := ^.(^^^(l+g) which belongs to Mg^{£,£), according to The- 
orem[53IHl In a similar manner we find an / G M~^{£, £) such that f{w)h{w) = 1. 
This implies f — f ■ □ 

Definition 2.3.10. A g £ M^{£,£) is said to be elliptic, if there is a P gM. such 
that {g\r,)-^ E S-^'{Rp■£,£). 

Theorem 2.3.11. If g G M^{£,£) is elliptic, there is an f £ Mg^{£,£) such 
that gf = 1. 

Proof. Applying the kernel cut-ofF operator to (fl'lr^)"^ we find an h^~^'> G 
M^^{£,£) such that /i^'^^lr^ - {g\rp)~^ G S-'="{Ti3;£,£). By definition we have 
g ^ go+gi for certain go G M^{£,£), gi G M-^{£,£). Then h^-^^go\r, = 1 
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mod S-°°{Tp;£,£) implies h'^^'^^go = 1 mod Mg'{£,£) (see Theorem [3X1]) . If 
follows that h'^^^^g ~ 1 + to for some to e M^^{£,£) with an aymptotic type 
R (see Theorem 12.3. 6p . Thus Proposition 12.3.71 gives us g~ 

Mg^{£,£) with some asymptotic type 5. □ 
Parallel to the spaces of Mellin symbols (I2.22p we now introduce subspaces of 
H'''''{R-^-,£) with discrete asymptotics. We consider a sequence 

P ■.= {{Pj,mj)}o<j<N (2.23) 
with TV G N U {+oo}, TOj e N, < j < iV. 

A sequence (|2.23p is said to be a discrete asymptotic type, associated with weight 
data (7, Q) (with a weight 7 e M and a weight interval 8 — (??, 0], —00 < < 0), 
if 

TTcP := {Pj}o<j<N C {w eC: — j + <Rew < — 7}, 

and ncP is finite when 1!} is finite, and Kepj —00 as j —>■ 00 when § = —00 and 
N = +00. We will say that P satisfies the shadow condition, if {p, to) € P implies 
{p - j, to) e P for aU j eN with - 7 + i? < Re (p - j) < ^ - 7. 
If Q is finite we define the (finite-dimensional) space 

N rrij 

Sp{R+,£) ^ir)cjkr~P' log'' r : cjk e E°° , < k < mj, < j < 

j=0 k=0 

with some fixed cut-off function lu on the half-axis. We then have 

Sp{R+,£) c n°°'''{R+,£). 

Moreover, we set 

nQ^iR+,£) := ]hn{ujH'^''-^-^ (M+, £) -I- (1 - c^)H"'^(M+, f )} 

rneN 

endowed with the Frechet topology of the projective limit, and 

H'p^R+,£) ■.^n'4^R+,£) + Sp{R+,£) 
as a direct sum of Frechet spaces. 

In order to formulate spaces with discrete asymptotics of type P in the case 9 — 
(-00,0] we from Pk := {{p,m) € P : Rep > ^ - 7-(fc-f 1)} for any fc e N. From 
the above constuction we have the spaces Hp^{R+,£) together with continuous 
embeddings 

n'^l^{R+,£)^n'p^iR+,£), ken. 

We then define 

n''p^{R+,£) ■.^ljinH''p^{R+,£) (2.24) 
in the corresponding Frechet topology of the projective limit. 
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Remark 2.3.12. The relation u G Hp'''(]R+,f) with P being associated with 
(7,0), Q — (—00,0], is equivalent with the existence of {unique) coefficients 
Cjk S E°° , < k < rrij , such that for every I G M+ there is an N = N{1) e N with 

uj{r) {u{r, x)-Y,Y. ^J'fc^'''' log'' ^ 

Similarly as in the "concrete" cone calculus (see [32]) we have the following 
continuity result: 

Theorem 2.3.13. For every f € M^{£,£) the operator ()2.5p restricts to a con- 
tinuous operator 

for every s G M and every asymptotic type P with some resulting Q. 

The case of Mellin symbols with variable coefficients is also of interest in the 
corner calculus. It is then adequate to assume f{r,w) G C°°(M+, Mj^(i?, f )) and 
to consider operators a;op]^(/)a) in combination with cut-off functions w(r),(D(r). 
Those induce continuous operators 7Yp^(R+,f) — + 7ig^^''''(R+, f ) as well. 
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